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Iris setosa?

Figure: Iris setosa
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Or perhaps versicolor?

Figure: Iris versicolor
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Premise: Data Points

In CS/DS, a single observation/specimen is normally represented by a tuple of
numbers and labels {x11 X, - - - Xg)
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Premise: Data Points

In CS/DS, a single observation/specimen is normally represented by a tuple of
numbers and labels {x11 X, - - - Xg)

In Geometry, the same is denoted by a column vector, seen as a n x 1 matrix of
reals.

Xit
Xi2 T
d
xi=| . |=(1 x2 - Xxa) €R

Xr X, - Xd\
X1 X2 e X1d}
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Data Matrix (with T’s)

Data can often be represented or abstracted as an n x d data matrix, with n
rows and d columns, given as

| X, Xp e Xd\
T
X4 X1 X2 o Xid
L
D=1|X X201 X2 cc0 Xod
r
X Xn1 Xm s Xnd

@ Rows: Also called instances, examples, records, transactions, objects,
points, feature-vectors, etc. Given as a d-tuple

,
X; = (X, X2, - Xiq)

@ Columns: Also called attributes, properties, features, dimensions, variables,
fields, etc. Given as an n-tuple

,
Xi = (X1, Xj, -, Xnj)
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Iris Dataset Extract (with T’s)

Sepal Sepal Petal Petal

length width length width O
X X, X3 Xy X
x] 5.9 3.0 42 1.5  Iris-versicolor
X5 6.9 3.1 4.9 1.5  Iris-versicolor
X 6.6 2.9 4.6 1.3  Iris-versicolor
X 4.6 3.2 1.4 0.2 Iris-setosa
X 6.0 2.2 4.0 1.0  Iris-versicolor

2
3
4
4
5
X! 4.7 3.2 1.3 0.2 Iris-setosa
I 6.5 3.0 5.8 2.2 Iris-virginica
. 58 27 5.1 1.9  Iris-virginica
X149 7.7 3.8 6.7 2.2 Iris-virginica
X{so 5.1 3.4 1.5 0.2 Iris-setosa
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Attributes

Attributes may be classified into two main types
o Numeric Attributes: real-valued or integer-valued domain
o Interval-scaled: only differences are meaningful
e.g., temperature
o Ratio-scaled: differences and ratios are meaningful
e€..g, Age
o Categorical Attributes: set-valued domain composed of a set of symbols
o Nominal: only equality is meaningful
e.g., domain(Sex) = { M, F}
@ Ordinal: both equality (are two values the same?) and inequality (is one value
less than another?) are meaningful
e.g., domain(Education) = { High School, BS, MS, PhD}
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Data: Algebraic and Geometric View

For numeric data matrix D, each row or point is a d-dimensional column vector:

;
X;

Vs
2 T d
Xi=1] . =(Xn Xp e Xid) eR
T
Xid

whereas each column or attribute is a n-dimensional column vector:

Xi=(xj xj - x) €R”

X3

_ T
X1 = (5.9.3.0)" X =(5.9.3.0,4.2)
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Scatterplot: 2D Iris Dataset

sepal length versus sepal width.

Visualizing Iris dataset as points/vectors in 2D
Solid circle shows the mean point
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X;: sepal length
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Numeric Data Matrix

If all attributes are numeric, then the data matrix D is an n x d matrix, or equivalently a
set of n row vectors x,.T e R or a set of d column vectors X;eR"

_xI
X1 X2 o Xad X
X21 X22 e Xod — X;— | | I
D=] . . = =X X - Xy
Xn1 Xm2 0 Xnd, Y

1 n
The mean of the data matrix D is the average of all the points: mean(D) = p = - Z X;

i=1
The centered data matrix is obtained by subtracting the mean from all the points:

x/ n’ x —nu” z!
T T T_ T T
Xy " v 7
Z=D-1-pu"= - = = 6))
x! n’ xI—puT z!

where z; = x; — p is a centered point, and 1 € R" is the vector of ones.
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Norm, Distance and Angle

Given two points a, b € R™, their dot Distance between a and b is given as
product is defined as the scalar

m
a'b=aiby +aby+ -+ anbm la=b[ = | (a—b)’
m i=1
=) ab;
; 7 Angle between a and b is given as
The Euclidean norm or length of a 0— a’b ([ a (b
vector a is defined as cost = lall ||b|| ~\all m
Xa
lall =+vaTa= .4
44 asy
N (5.3)
The unit vector in the direction of a is
oA _
U= with |la]| = 1. 2 /s R
"o
0 f f f f f Xi
0 1 2 3 4 5
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Orthogonal Projection

Two vectors a and b are orthogonal iff a’b = 0, i.e., the angle between them is
90°. Orthogonal projection of b on a comprises the vector p = by parallel to a,
and r =b, perpendicular or orthogonal to a, given as

b=b||+bl=p—|-l‘

a’b
p=by= (—) a
M a’a

where

b
4 —+
3T ‘4“’ 2
2 —+
14 ?4‘0\\
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Projection of Centered Iris Data Onto a Line ¢.
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Data: Probabilistic View

A random variable X is a function X: O — R, where O is the set of all possible
outcomes of the experiment, also called the sample space.

A discrete random variable takes on only a finite or countably infinite number
of values, whereas a continuous random variable if it can take on any value in R.

By default, a numeric attribute X; is considered as the identity random variable
given as
X(v)=v

forall ve O. Here O =R.

Discrete Variable: Long Sepal Length

Define random variable A, denoting long sepal length (7cm or more) as follows:

0 ifv<7?7

AWV = {1 e 7

The sample space of Ais O = [4.3,7.9], and its range is {0, 1}. Thus, Ais
discrete.
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Probability Mass Function

If Xis discrete, the probability mass function of Xis defined as
fix)=P(X=x) for all xe R
fmust obey the basic rules of probability. That is, f must be non-negative:
f(x) >0

and the sum of all probabilities should add to 1:
Z fx) =1

Intuitively, for a discrete variable X, the probability is concentrated or massed
at only discrete values in the range of X, and is zero for all other values.
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Sepal Length: Bernoulli Distribution

Iris Dataset Extract: sepal length (in centimeters)

59 6.9 6.6 4.6 6.0 4.7 6.5 58 6.7 6.7 5.1 51 5.7 6.1 49
50 50 57 50 72 59 6.5 5.7 55 49 50 55 4.6 72 6.8
54 50 57 58 51 5.6 58 51 63 6.3 5.6 6.1 6.8 7.3 5.6
4.8 7.1 57 53 5.7 57 5.6 4.4 63 54 6.3 6.9 7.7 6.1 5.6
6.1 6.4 50 5.1 5.6 54 58 4.9 4.6 52 7.9 7.7 6.1 5.5 4.6
4.7 4.4 6.2 4.8 6.0 6.2 50 6.4 63 6.7 50 59 6.7 54 6.3
4.8 4.4 6.4 6.2 6.0 7.4 4.9 7.0 55 6.3 6.8 6.1 6.5 6.7 6.7
4.8 4.9 6.9 4.5 43 52 50 6.4 52 58 5.5 7.6 63 6.4 6.3
5.8 50 6.7 6.0 5.1 4.8 57 5.1 6.6 6.4 52 6.4 7.7 58 4.9
54 5.1 6.0 6.5 55 7.2 6.9 6.2 6.5 6.0 54 55 6.7 7.7 5.1

0 ifv<7

Define random variable A as follows: A(v) = .
1 ifv>7

We find that only 13 Irises have sepal length of at least 7 cm. Thus, the probability mass
function of A4 can be estimated as:
13
(1) = PA=1) = == =0.087 =p
and

0) = P(A=0) = 122 —0.913 = 1

AT =TT P

Ahas a Bernoulli distribution with parameter p € [0, 1], which denotes the probability of
a success, that is, the probability of picking an Iris with a long sepal length at random
from the set of all points.
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Sepal Length: Binomial Distribution

Define discrete random variable B, denoting the number of Irises with long
sepal length in m independent Bernoulli trials with probability of success p. In
this case, B takes on the discrete values [0, m], and its probability mass function
is given by the Binomial distribution

fiky = P(B=k) = (’:)pkﬂ —pymk

Binomial distribution for long sepal length (p = 0.087) for m= 10 trials
P(B=k)

0.4 4
0.3 1

0.2

L. ...
3
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Probability Density Function

If Xis continuous, the probability density function of Xis defined as

P(X < [a. b]) = / 10 dx

fmust obey the basic rules of probability. That is, f must be non-negative:
fix) >0

and the sum of all probabilities should add to 1:

/oo fix) dx=1

Note that P(X= v) =0 for all v € R since there are infinite possible values in the
sample space. What it means is that the probability mass is spread so thinly
over the range of values that it can be measured only over intervals [a, b] C R,
rather than at specific points.
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Sepal Length: Normal Distribution

We model sepal length via the Gaussian or normal density function, given as

L —(x—p)?
X
V2mo? P 202
I:

where 1 =137 | x; is the mean value, and o> = 1 37 (x; — u)? is the variance.

fix) =

Normal distribution for sepal length: 1 = 5.84, 0> = 0.681
f(x)

05 4 nte
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Cumulative Distribution Function

CDF for binomial distribution
(p=0.087,m=10)

For random variable X, its cumulative A
distribution function (CDF) w7 —2*
F:R — [0, 1], gives the probability of 0wl e—o
observing a value at most some given ol
value x: e T
041 =0
F(x)=P(X<x) forall —oco < x< o0 02
e
When Xis discrete, Fis given as R A
CDF for the normal distribution
Fx)=PX<x =Y u) (n="5.84,07=0.681)
u<x Fx)
When Xis continuous, Fis given as T
x oo ]
F(X) = P(X< x) = / flu) du b3 o =G
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Bivariate Random Variable: Joint Probability Mass

Function

Iris: joint PMF for long sepal length and
Define discrete random variables sepal width
| itv=7  f0,00=P(X =0,X =0)=116/150=0.773
long sepal length: X (v) = {0 otherwise f(0.1) = P(X; =0, X, = 1) =21/150 = 0.140
f(1,00=P(X;=1,X, =0)=10/150=0.067

ifv>3.5
f,1)=P(X; =1,X =1)=3/150=0.020

1
long sepal width: X, (v) =
gsep 2(V) {O otherwise

f(x)
The bivariate random variable 0.773

(%)

has the joint probability mass function

fix) = PX=x)
ie., f(x1,x)=PXi=x1,X=x)
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Bivariate Random Variable: Probability Density

Function

Bivariate Normal: modeling joint Bivariate Normal

distribqtion for long sepal length (X;) and w=(5.843,3.054)"
sepal width (X3)
0.681 —0.039
ey T 21 (x— —
R z (_0.039 0.1 87)

fix)

where u and X specify the 2D mean and
covariance matrix:

2
— T Y — o7 o012
= (1, 12) ( on  oF
. _ 1 n . .
with mean u; =+ >, xx and covariance

0 = 5 Xt (ki — ) (X — ). Also,
2 _ 5
o7 =0ij.
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Random Sample and Statistics

Given a random variable X, a random sample of size n from Xis defined as a set
of nindependent and identically distributed (IID) random variables

51’529”‘75n

The S;’s have the same probability distribution as X, and are statistically
independent.

Two random variables X; and X, are (statistically) independent if, for every
W, c Rand W, C R, we have

P(X] € W] and Xz € Wz) = P(X] € VV1) P(Xz € Wz)
which also implies that

FX) = F(x1, %) = Fi (x1) - F2(x2)
f(x) = f(x1,x0) = H(x1) - H(x2)

where F; is the cumulative distribution function, and f; is the probability mass or
density function for random variable X;.
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Multivariate Sample

Given dataset D, the n data points x; (with 1 < j < n) constitute a d-dimensional
multivariate random sample drawn from the vector random variable

X=X, X,..., Xa).

Since the x; are assumed to be independent and identically distributed, their
joint distribution is given as

f(x]7x29---7xn) :nfx(xi)

i=1

where f is the probability mass or density function for X.

Assuming that the d attributes Xi, Xz, ..., Xy are statistically independent, the
joint distribution for the entire dataset is given as:

n n d
f(x1,X2, ..., Xpn) =l_[f(xi) =l_[l_[f)(j(xij)
i=1

=1 j=1
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Sample Statistics

Let {S;}7, be a random sample of size m drawn from a (multivariate) random variable X.
A statistic 0 is a function
6: (S1,Sz,...,Sm)—>R

The statistic is an estimate of the corresponding population parameter 6, where the
population refers to the entire universe of entities under study. The statistic is itself a
random variable.

The sample mean is a statistic, defined as the average
.I n
= " X]: Xi
i=

For sepal length, we have i = 5.84, which is an estimator for the (unknown) true
population mean sepal length.
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Sample Statistics: Variance

The sample variance is a statistic

o 1y
5% = BE(X,»—M)Z
=

For sepal length, we have 6% = 0.681.

The total variance is a multivariate statistic
1w 5
var(D) = — X]j Ix;i— pl
=

For the Iris data (with 4 attributes: sepal length and width, petal length and
width), we have var(D) = 0.868.
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